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Abstract
The non-collinear mixing technique is applied for detection and characterization of closed cracks.
The method is based on the nonlinear interaction of two shear waves generated with an oblique
incidence, which leads to the scattering of a longitudinal wave. A Finite Element model is used
to demonstrate its application to a closed crack. Contact acoustic nonlinearity is modeled using
unilateral contact law with Coulomb’s friction. The method is shown to be eﬀective and promising
when applied to a closed crack. Scattering of the longitudinal wave also enables us to image the
crack, giving its position and size.
Keywords: Non-colinear mixing, Nonlinear Acoustics, Contact Acoustic Nonlinearity, Finite
Element Method, Closed crack
1. Introduction
The evaluation of damage at an early stage of fracture is relevant in many technologies such as
nuclear power plants or aeronautics. Ultrasonic methods based on linear wave scattering are eﬃcient
for detecting defects and characterizing material elasticity, but are less sensitive to micro-cracks or
closed cracks. However, if the excitation amplitude is suﬃcient, these defects can behave nonlinearly
because of contact dynamics. This phenomenon, also called contact acoustic nonlinearity [1] (CAN),
is of great interest for nonlinear ultrasonic nondestructive testing. Like classical nonlinearities [2,
3, 4], CAN generates higher harmonics [1, 5]. This spectral enrichment has been largely studied on
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contacting interfaces [6, 7, 8] and it has been shown that the nonlinear response is dependent on
the normal stress applied to the interface. Higher harmonics generation has also been observed for
closed cracks [9, 10].
However, there are several drawbacks to higher harmonics generation. First, amplitude of the
new harmonics is generally small which makes them diﬃcult to measure. With some methods,
such as the pulse inversion technique [11], the amplitude of the even harmonics can be enhanced.
Second, it is generally diﬃcult to distinguish the higher harmonics generated by the crack from
those generated from the surrounding material, in the case of plasticity for example, or by the
electronic system. For these reasons, other uses of nonlinear eﬀects have been studied with the aim
of proposing a method where the nonlinear response can be connected only to the crack.
If the input amplitude is suﬃcient, a closed crack can also generate sub-harmonics [1, 12, 13, 14],
which are not produced by the electronic system. Using a phased array transducer and delay laws,
it is then possible to image the closed part of the crack from sub-harmonics [15, 16]. The nonlinear
strain-stress behavior introduced by the CAN makes interaction between acoustic waves possible.
Nonlinear wave modulation spectroscopy (NWMS) [17] is based on this principle. Generally, a low
frequency fLF wave is used as a pump wave to activate the CAN. Concurrently, a high frequency
fHF wave (or probe wave) is sent into the sample. If the tested material contains a closed crack,
then the output signal carries sideband frequency components around the input frequencies, for
example fHF ± nfLF where n is an integer. If the two excitation sources are independent, then
the modulation is due only to the nonlinear behavior of the sample. NWMS has successfully been
applied to detect closed cracks in steel [18, 19], aluminum [20, 21] or delaminations in composite
material [22, 23]. However, classical material nonlinearity can also lead to wave modulation, which
makes distinguishing closed cracks diﬃcult. Moreover, NWMS generally gives a qualitative result as
regards the existence of a closed crack and its characterization is beyond the scope of the method.
The use of time reversal on the sideband component might give access to the position of the
defect [24].
It has been shown that two incident non-collinear waves can interact and generate a third wave
in case of nonlinearity, if some conditions regarding the ratio of input frequencies, the angles of in-
cidence and the wave polarizations are found in combination [25]. This third wave has a frequency
and a wave-vector equal to the sum of the incident frequencies and wavevectors respectively. The-
oretically, there are several incident wave combinations that can meet the necessary conditions for
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scattering the third wave [25]. However, for practical reasons, using two incident shear waves to gen-
erate a longitudinal wave is one of the most used conﬁguration in the literature. This arrangement
is referred to as the non-collinear mixing technique.
The method oﬀers the advantages of being less sensitive to system nonlinearities over the con-
ventional nonlinear harmonic generation techniques or NWMS. This is due to spatial selectivity (the
nonlinear interaction is limited to the region where the incident beams intersect), modal selectivity
(the nonlinear mixing signal is a diﬀerent mode to the incident waves), frequency selectivity (the
frequency is equal to the sum of the input frequencies) and directional selectivity (the scattered
signal propagates in a diﬀerent direction from the incident waves). To enforce the frequency separa-
tion of longitudinal waves with respect to other harmonic contributions due to material nonlinearity
or experimental devices, it is possible to use diﬀerent frequencies associated with diﬀerent angles
of incidence. In [26], the same angles and frequencies were used for both incident shear waves. A
technique was used to eliminate the underlying experimental system nonlinearity by subtracting
the sum of the responses to each of the incident waves excited separately (without any interaction).
The phenomenon was ﬁrst demonstrated experimentally by Rollins [27]. More recently, the
scattered wave has been used to evaluate plastic deformation in an aluminum solid [26]. The
method has also been successfully applied to the evaluation of physical aging of PVC [28] and
the evaluation of a diﬀusion welding interface in titanium [29]. In this paper, the non-collinear
mixing method is investigated numerically by a 2D Finite Element (FE) model to demonstrate its
potential for the detection and characterization of closed cracks. The method is applied in the case
of a closed crack embedded in an elastic solid which behavior is considered linear. The application
of the non-collinear mixing method for a classical bulk nonlinearity (already studied and showed
in [26, 27, 28, 30]) is beyond the scope of this paper. In this study, the interface is modeled by a
unilateral contact with Coulomb’s friction and the resolution is evaluated in the time domain. The
2D FE model appears as a valuable tool to understand the physical behaviors involved during the
nonlinear interaction between waves and a contact interface.
The paper is in three parts. First, the principle of the non-collinear mixing method is described,
with elements of the classical nonlinear theory as a reference. The second part introduces the FE
modeling for the application of the method to a closed crack. The contact laws used to model the
CAN are detailed. The numerical results are analyzed in the last section.
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2. Noncollinear Mixing Method
The non-collinear mixing method is based on the nonlinear interaction of two incident waves
generated with an oblique incidence. The two incident wave vectors are then separated by an angle
φ, as shown in Fig 1 in the particular case of two incident shear waves. If nonlinear mechanical
properties (material nonlinearity, CAN,..) are considered in the volume where the two incident
waves intersect, then a third wave can be scattered by this region, with propagation vectors and
frequencies directly related to those of the incident waves. The theory developed by Jones and Ko-
bett [25] gives the necessary conditions for the third wave scattering in case of classical nonlinearity,
in absence of cracks or other interface nonlinearities.
P 1T
P 2T
PL
k1T (f1)
k2T (f2)
kL
y
x
φ
θI
Figure 1: Interaction of two non-collinear incident shear waves (k1T (f1) and k
2
T (f2)) leading to the scattering
of a longitudinal wave kL(fL). P
1
T , P
2
T and PL are polarization vectors respectively of the two shear waves
and the longitudinal wave.
In the case of two incident shear waves in a nonlinear material, it can be demonstrated that
a third longitudinal wave is generated only if the following relation, called resonance condition, is
satisﬁed [25]:
(2π(f1 + f2)/cL) r
∗
sc − k1 − k2 = 0, (1)
where r∗sc deﬁnes the direction of propagation of the longitudinal wave which frequency is the sum
of the incident frequencies.
Therefore, satisfying Eq. (1) leads to a condition on the angle φ between the incident waves :
cosφ =
c2T
c2L
+
1
2
(
c2T
c2L
− 1
)(
f1
f2
+
f2
f1
)
. (2)
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The resonance condition Eq. 1, and thus Eq. 2, ensure constructive interferences of all nonlinear
interactions within the interaction volume V . In [30], a study of the technique (in the case of
SV and P waves interaction) under imperfect resonance conditions demonstrated that in the far
ﬁeld, a deviation of a few degrees from the ideal angle of incidence at resonance causes a rotation
of the scattered beam, a decrease in the beam amplitude, and a beam splitting. In our study, a
contact interface is considered on a closed crack. Due to local nature of the contact nonlinearity, the
resonance condition Eq. (1) (and thus Eq. (2)) is not necessary for an eﬃcient nonlinear interaction.
The direction of propagation of the longitudinal wave (when nonlinearity is activated) will be
studied further in details. It will be shown that in the case of a plane crack (as shown in Fig. 2
), the longitudinal wave is once again preferentially scattered in a direction collinear to the sum of
the incident wave vectors k1T + k
2
T .
3. Finite Element Modeling
3.1. Model Description and Discretization
The non-collinear mixing method is applied numerically to a closed crack in order to evaluate
its potential and its feasibility. A homogeneous and isotropic solid of 180× 80 mm2 is considered.
The lower face of the solid is clamped. It contains a closed crack at its center as shown in Fig. 2.
The material properties are those of aluminum: Young modulus E = 69 GPa, Poisson coeﬃcient
ν = 0.33, density ρ = 2700 kg.m−3. The crack is 20 mm wide and subject to a normal stress σ0 < 0.
Two in-plane shear waves of frequency f1 = 1, 5 MHz are generated at the upper face. They consist
of 10 cycle pulses of 15 nm of amplitude windowed by a Hanning window. The angle between the
incident wave vectors is ﬁrst chosen φ = 118◦. The inﬂuence of interaction angle will be studied in
section 4.3. For a symmetrical system, the angle of incidence is the same for both waves and equal
to θI = φ/2 = 59
◦ compared to the normal vector of the crack. An appropriate time-delay law is
used at the excitation areas to generate the waves with the desired angle of incidence. The distance
between the two excitation sources is 130 mm which ensures that the waves intersect at the crack.
Fig. 3(a) and (b) show the two incident shear waves respectively before and during intersection.
These ﬁgures are obtained numerically for the propagation in an undamaged solid; that is without
a crack. Note that shear waves are generated from 20 mm long segments which induces a non-
negligible beam spreading eﬀect. The possible interaction area is delimited by the intersection of
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Figure 2: Geometry of the model used to study non-collinear mixing between two shear waves and a closed
crack modeled by a contacting interface with friction. The crack is marked by the dashed line at the
center of the solid. On the upper face, vertical dashes are used to mark out the areas where the waves are
generated and recorded. The mesh is reﬁned at the crack tips, as pointed out by the encircled mesh section
and attached arrows (in red color in the online version).
the incident beams, which deﬁnes a parallelogram of 15 mm diagonal along the direction x. This
dimension is less than the crack length (20 mm).
If the CAN is activated, a longitudinal wave might be generated along the y axis. Note that for
diﬀerent incident frequencies, the angles of incidence have to be diﬀerent if one wants to generate
a longitudinal wave along the y axis. This wave is recorded at the center of the top face, by
averaging the normal velocities along a segment of 20 mm. A pass-band ﬁlter centered on the sum
of the incident frequencies is applied to the average signal. The amplitude of the resulting signal is
denoted AL and corresponds to the amplitude of the longitudinal wave.
The FE model is obtained from the discretization of this geometry and the resolution is done
using the 2D software Plast2 [31]. The solution is evaluated in the time domain. Plast2 uses a
semi-explicit time resolution and therefore the time step is subject to the Courant-Friedrichs-Lewy
(CFL) stability condition. The contact interface of the crack is modeled by a unilateral contact law
with Coulomb’s friction. The contact laws are described in the next section. The mesh is made
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Figure 3: Velocity ﬁeld (a) before (at t = 19.5 μs) and (b) during (at t = 29.4 μs) the intersection of the two
incident shear waves. These images are obtained in the case of linear propagation, with no crack included.
For reference, the position of the closed crack is represented by the dashed line.
only of fully integrated quadrangle elements of type Q1 [32]. Spatial discretization is essential in
the FE method. In order to have an accurate solution for the longitudinal wave, whose frequency
is twice that of the incident waves, the maximum size of the elements is a = 0.15 mm. Therefore,
the wavelength of the longitudinal wave is divided into thirteen elements (λL/a  13). This mesh
is appropriate to describe the propagation of longitudinal waves of frequency up to 4 MHz, and
shear waves of frequency up to 2 MHz. The crack tips give rise to stress singularities (σ  1/√r,
where r is the radial distance from the crack tip). Several methods have been developed to take
into account stress singularities in an FE model. One possibility consists in using shape functions
that have singularity terms of the desired order. New functions can be deﬁned [33], or the supports
of these functions can be changed, deﬁning the so-called quarter-point elements [34]. More recent
techniques based on the enrichment of elements (XFEM [35], SFEM [36, 37]) can be used to easily
take into account the stress singularities. These methods have been developed mainly for fracture
mechanics. Here, the computation of the Stress Intensity Factors (SIF) or the crack propagation is
not of interest, therefore, the simplest way to deal with the stress singularities is to reﬁne the mesh,
in order to ensure the convergence of the model and maintain its accuracy. First, the convergence
was studied for a contact interface between two solids (the interface crosses the full width of the
sample), in order to demonstrate that the model is eﬀective for studying the CAN. Then the
convergence has been studied as a function of the mesh reﬁnement around the crack tips. Thus the
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minimal size of the element is set to amin = 0.07 mm. To satisfy the CFL stability condition for
the current mesh dimensions, the time step is set to Δt = 3 ns.
3.2. Contacting Interface Modeling and Contact Laws
Unilateral contact with friction is considered on the crack faces. The friction is handled by
Coulomb’s law. Thus, three states can be observed simultaneously at diﬀerent places on the inter-
face: separation, slipping contact and sticking contact. The crack can be closed by the weight of
the structure, an external load or a residual stress due to plasticity, for example. It is assumed,
therefore, that a static normal stress σ0 < 0 closes the crack. This pre-stress σ0 < 0 is directly
considered in the contact laws.
Let ui be the displacement and ni the outward normal vector of the face i, the normal jump of
displacements is deﬁned by:
[un] = u
1 · n1 + u2 · n2 = (u1 − u2) · n1 (3)
The incident wave creates stresses represented by the Cauchy stress tensor σ(ui). Denoting its
normal component σn(u
i) and its tangential component τ(ui), the unilateral contact law taking σ0
into account is given by the following equation:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
σn(u
i) + σ0 ≤ 0
[un] ≤ 0
(σn(u
i) + σ0).[un] = 0
(4)
The ﬁrst equation states that only a compression can be transmitted through the interface. The
second line corresponds to the non-penetration condition. Finally, the third line is the so-called
complementary equation which indicates that the contact interface of contact is either open or
closed.
Denoting the friction coeﬃcient μ and the tangential jump of displacements [ut], the Coulomb’s
law is used for the tangential behavior.
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
| τ(ui) |≤ μ | σn(ui) + σ0 |
If | τ(ui) |< μ | σn(ui) + σ0 | ⇒ sticking: [ut] = 0
If | τ(ui) |= μ | σn(ui) + σ0 | ⇒
⎧⎨
⎩
sliding: ∃α ≥ 0; [ut] = −ατ(ui)
τ(ui) = ±μ | σn(ui) + σ0 |
(5)
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Figure 4: Representation of the contact laws with the pre-stress σ0. (a) unilateral contact, (b) Coulomb’s
law.
Contact laws can be represented by the proﬁles shown in Fig. 4. These boundary conditions can
be referred to as the non-smooth contact dynamics [38].
In Plast2, the contact algorithms are based on the forward Lagrange multipliers method [39]
which enables the use of Lagrange multipliers in an explicit time integration. More precisely, the
contact equations are respectively satisﬁed a time t and t+Δt. To make this possible, the contact
equations are solved by a Gauss-Seidel iterative solver. The global method is thus semi-implicit.
This method has been demonstrated to be robust [40]. The advantage of using the Lagrange
multipliers is that the contact laws introduced above are strictly veriﬁed, which is primordial for
the modeling of contact dynamics generated by the CAN.
3.3. Semi-analytical solution for scattered ﬁeld
In order to analyze scattered waves due to the nonlinear interaction of two shear waves, the
two-steps procedure detailed in [41] is used to obtain the directivity patterns of the scattered ﬁeld.
The latter is deﬁned as the diﬀerence between the total ﬁeld and the incident ﬁeld (obtained without
the crack). Therefore, the crack is considered like a secondary source. The FE model provides the
near-ﬁeld solution on a circular boundary surrounding the closed crack. The solution in the far-ﬁeld
is then determined using analytical expressions since no other source of nonlinearity is considered
in the solid. The displacements are recorded at nodes belonging to a circle of radius R = 15 mm
centered on the crack. The displacements are then projected onto the polar coordinates system
(O, er, eθ) and converted in the frequency domain using the Fourier Transform. Then, the radiated
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ﬁeld can be computed for r ≥ R from an integral equation at r = R. This kind of approach has
already been used in ﬂuid mechanics [42].
The solution is assumed time harmonic, with the time convention e−iωt. The displacement ﬁeld
in the frequency domain uˆ(r, θ) is expressed in the polar coordinate system (O, er, eθ) as :
uˆ(r, θ) = uˆrer + uˆθeθ, r ≥ R. (6)
For a given frequency and considering that the Sommerfeld condition is veriﬁed (zero radiated
energy at inﬁnity), the radial and the tangential displacements are given by:
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
uˆr(r, θ) =
∑
n
AnH
(1)′
n (kLr)e
inθ +
in
r
∑
n
Bn
kT
H(1)n (kT r)e
inθ
uˆθ(r, θ) =
in
r
∑
n
An
kL
H(1)n (kLr)e
inθ −
∑
n
BnH
(1)′
n (kT r)e
inθ
(7)
where the notation
∑
n
=
+∞∑
n=−∞
is used. The terms kL = ω/cL and kT = ω/cT are respectively the
wave numbers for longitudinal wave and shear wave. H
(1)
n is the spherical Hankel function of ﬁrst
kind.
The coeﬃcients An et Bn are computed from an integral at r = R where the displacements are
known. To do that, each term of Eq. 7 are multiplied by e−imθ and integrated over the circular
domain. Using the orthogonality of the functions einθ for the scalar product 〈f, g〉 = ∫ 2π
0
f(θ)g(θ)dθ,
we obtain: ⎧⎪⎪⎪⎨
⎪⎪⎪⎩
∫ 2π
0
uˆr(R, θ)e
−imθdθ = 2π
(
AmH
(1)′
m (kLR) +
in
ktR
BmH
(1)
m (kTR)
)
∫ 2π
0
uˆθ(R, θ)e
−imθdθ = 2π
(
im
kLR
AmH
(1)
m (kLR)−BmH(1)
′
m (kTR)
), ∀m (8)
Deﬁning the matrix
Mn(r) =
⎛
⎜⎝ H
(1)′
n (kLr)
in
kT r
H
(1)
n (kT r)
in
kLr
H
(1)
n (kLr) −H(1)
′
n (kT r)
⎞
⎟⎠ , (9)
the coeﬃcients An and Bn are the solution of a linear system, and are given by:
⎛
⎝ An
Bn
⎞
⎠ = M−1n (R)
⎛
⎜⎜⎝
1
2π
2π∫
0
uˆr(R, θ)e
−inθdθ
1
2π
2π∫
0
uˆθ(R, θ)e
−inθdθ
⎞
⎟⎟⎠ . (10)
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Finally, the displacement ﬁeld can be obtained for any point of the outside domain (r ≥ R)
from Eq. 7 and 10:
uˆ(r, θ) =
∑
n
Mn(r)M
−1
n (R)
einθ
2π
2π∫
0
uˆ(R, θ′)e−inθ
′
dθ′ , r ≥ R, ∀θ. (11)
For a given frequency, the directivity patterns are obtained by plotting the amplitude of the
displacements over θ ∈ [0; 2π] for a radial distance r = 100 mm. They will be used to analyze
the direction of propagation of the longitudinal wave(s) scattered from the closed crack. Radial
displacements ur correspond to longitudinal waves and tangential displacements uθ to shear waves.
4. Results and Discussion
In this section, numerical results are presented and discussed. The oblique incidence and the
separation distance between the sources are chosen to ensure intersection of the incident beams
at the contact interface. If a contact nonlinearity, such as clapping, is activated, then, the two
waves interact and a longitudinal wave is generated. Firstly, directivity patterns for a horizontal
crack (α = 0◦) and a tilted crack (α = 20◦) are analyzed to demonstrate the generation of the
longitudinal wave. Secondly, the analysis is extended in the case of the horizontal crack.
4.1. Directivity pattern obtained with non-collinear mixing method applied to a closed crack
The directivity patterns are plotted in Fig. 5 for two incident shear waves. Radial displacements
u∗r correspond to longitudinal waves and tangential displacements u
∗
θ to shear waves normalized by
the maximal displacement measured at r = R in the case of a linear simulation, i.e with free
boundary conditions applied to the crack faces. The directions of propagation are marked by the
arrows. Two crack orientations are considered here: α = 0◦ and 20◦. The directivity patterns are
plotted for the fundamental frequency (f1 = 1, 5 MHz ) for shear waves and the double frequency
(2f1 = 3 MHz ) for longitudinal waves. Directions of propagation of reﬂected and transmitted
shear waves for the fundamental frequency are conform to Snell-Descartes laws. For the two crack
orientations, two longitudinal waves are scattered, respectively along the direction 90◦ and 270◦ for
the horizontal crack and 130◦ and 270◦ for the tilted crack.
The classical nonlinear theory predicts only one scattered longitudinal wave along the direction
given by kAT + k
B
T , that is to say, along the −y axis. Here, the nonlinearity is localized within
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Figure 5: Directivity patterns for two incident shear waves, for α = 0◦ and 20◦. Tangential displacements
u∗r for the fundamental frequency and radial displacements for double frequency are plotted. The direction
of propagation of the reﬂected (k
Aref
T and k
Bref
T ) and transmitted (k
Atr
T and k
Btr
T ) shear waves predicted
by the Snell-Descartes law are represented. Longitudinal waves are scattered in two directions collinear to
k
Aref
T + k
Bref
T and k
Atr
T + k
Btr
T . The crack is represented by the dashed line.
the contact interface only. Because the crack partially opens during the acoustics excitation, the
incident waves are partially reﬂected as shown in Fig. 5. Locally, the shear waves interact nonlinearly
at the contact interface when the clapping is activated which generates two longitudinal waves. The
ﬁrst one propagates along a direction collinear with kAtrT + k
Btr
T where k
Atr
T and k
Btr
T are the wave
vectors of the respective transmitted waves. The second one propagates in a direction collinear
with k
Aref
T + k
Bref
T , sum of the reﬂected wave vectors. As a consequence, with this method it is
possible to work both in transmission and reﬂection, which is potentially useful in practical cases.
For a crack tilted by an angle α = 20◦, the angles of incidence with respect to the crack are
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diﬀerent for both incident waves. The transmitted shear waves have the same direction as the
incident waves. Therefore, a longitudinal wave is scattered along −y in the same way as for a
horizontal crack. Its wave vector is collinear to the sum of the transmitted wave vectors. In
the same way, another longitudinal wave is scattered along the direction given by the sum of the
reﬂected wave vectors which is no longer collinear with the normal vector to the contact interface.
Figs. 6 and 7 show snapshots of the velocity ﬁeld after the nonlinear interaction for α = 0◦ and
α = 20◦ respectively. For the two diﬀerent angles, reﬂected and transmitted shear waves and the
two scattered longitudinal waves can be clearly identiﬁed.
Reﬂected shear
waves
Transmitted
shear waves
Scattered longitu-
dinal wave
Scattered longitu-
dinal wave
x
y
Figure 6: Velocity ﬁeld at t = 34.4 μs for the interaction of the two incident shear waves and the closed
crack which is represented by the dashed line. The shear waves are partly reﬂected and transmitted and
two longitudinal waves are generated along the ±y axis. The diﬀerent directions of propagation after the
interaction are shown in Fig. 5.
4.2. Analysis of the non-collinear mixing method applied to a horizontal closed crack
In this part, the analysis of the non-collinear mixing method is extended for the case of a
horizontal crack. The y axis velocity recorded on the upper face is shown in Fig. 8, for a pre-stress
σ0 = −0.3 MPa and a coeﬃcient of friction μ = 0.5. Three pulses appear. The ﬁrst one results
from the direct scattering of the longitudinal wave along the y axis. The second comes from the
scattering along the −y axis and its reﬂection on the lower face. The third pulse is reﬂected twice,
ﬁrst on the upper face, and then on the lower face. The baseline of the signal shown in Fig. 8
is noisy after the ﬁrst pulse arrival. Firstly, numerical generation of the shear waves by imposing
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Figure 7: Velocity ﬁeld at t = 37.5 μs for the interaction of the two incident shear waves and a closed crack
tilted by α = 20◦. The crack is represented by the dashed line. The shear waves are partly transmitted in
the same direction as the incident waves. They are also reﬂected in diﬀerent directions. Two longitudinal
waves are generated. The diﬀerent directions of propagation after the interaction are shown in Fig. 5.
displacements on the upper face generates Rayleigh waves of small amplitude that propagate along
the upper face. Secondly, multiple reﬂections of the shear waves contribute to add noise in the
recorded signal. Nevertheless, the longitudinal wave pulses are quite distinct and largely above the
noise level.
The frequency content of the ﬁrst pulse for example, is shown in Fig. 9. The main frequency of
the longitudinal wave is 3 MHz, twice the frequency of the incident waves as expected.
The eﬀect of normal stress σ0 applied to the interface is now investigated. The amplitude of
the longitudinal wave AL is recorded for various values of compressional stress σ0, included in
[0.02; 1.2] MPa. The evolution of AL is plotted in Fig. 10 as a function of ξ = |σ0|/|σMn |, where σMn
is the maximal normal stress produced at the interface by the two incident waves. σMn is obtained
numerically using an undamaged sample.
The amplitude of the longitudinal wave reaches a maximum when the applied load changes, for
ξ  0.25. When the load increases, the opening of the interface becomes more diﬃcult and the
eﬀect of the CAN is reduced. Conversely, for a small load, the incident waves are almost entirely
linearly reﬂected, resulting in a small nonlinear eﬀect.
This result is similar to that obtained for the amplitude of second harmonic generated by
clapping in the case of a contacting interface between two solids for example [43, 44]. In this case
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Figure 8: Velocity against y axis at the top face for σ0 = −0.3 MPa and μ = 0.5. The angle of incidence is
θI = 57
◦.
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Figure 9: Frequency content of the ﬁrst pulse measured on the top face of the sample. σ0 = −0.3 MPa et
μ = 0.5.
where two shear waves interact with an oblique incidence on a contacting interface, clapping is
activated, as shown in Fig. 11. The contact kinematic states are equal to 1, 2, 3 which correspond
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Figure 10: Evolution of the amplitude of the longitudinal wave AL of input frequency f = 1.5 MHz as a
function of the compressional stress applied on the interface. The friction coeﬃcient is μ = 0.3.
respectively to sticking contact, slipping contact and separation. Both sliding and clapping are
activated and it has been shown that clapping is the strongest nonlinear eﬀect [44]. The evolution
of the longitudinal wave amplitude is driven by the clapping eﬀect.
Thank to spatial separation, this method can be used to obtain qualitative information about
the crack. In fact, longitudinal waves are only scattered from the intersection area if the latter
introduces a nonlinear mechanical behavior. In other words, if the incident waves meet in an
undamaged part of the sample, no longitudinal waves will be generated. Therefore, by moving the
position of the intersection of the incident waves, it can be possible to locate the crack.
First, the evolution of the longitudinal wave amplitude is studied as a function of the position
of the intersection of the incident waves along the y axis. The distance between the sources is
modiﬁed, each source being at the same distance from the center of the solid. The angle of incidence
remains the same. Modifying the separation distance is the easiest way of modifying the position
of the intersection. However, when the separation distance increases, the propagation distance also
increases. Because of the aperture of the incident beams, the intersection surface increases with
the separation distance. This fact is disregarded here and the position of the intersection along the
y axis is simply given by y = x/ tan(θI) where x is equal to half of the separation distance. The
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Figure 11: Time evolution of contact kinematic states for a node belonging to the interface at the coordinate
(−1, 0) mm. States are respectively equal to 1 for sticking contact, 2 for sliding and 3 for separation.
crack is located at (0, 0).
Fig. 12 shows the evolution of the longitudinal wave amplitude as a function of the position of
the intersection area with regards to y, for σ0 = −0.3 MPa and μ = 0.5. The amplitude reaches a
maximum for y = 0 mm, when the intersection area is located at the crack. When the intersection
area moves away from the crack, the interaction area decreases and so does the amplitude of the
longitudinal wave. The nonlinear interaction area can be deﬁned as the overlapping of the crack
and the intersection area.
The same work is done for the x axis. In this case, the separation between the sources is constant
and equal to 130 mm which ensures an intersection of the incident beam at y = 0 mm. Next, the two
sources are moved along the x axis in order to change the position of the intersection area. Fig. 13
shows the evolution of the longitudinal wave amplitude as a function of x, for σ0 = −0.3 MPa and
μ = 0.5. Again, the amplitude shows a maximum when the intersection area is centered on the
crack. When the interaction area decreases, the amplitude of the scattered wave decreases.
As expected, these maxima of amplitude are obtained when the intersection of the incident
waves occurs at the crack. Moreover, the amplitude of the longitudinal wave increases with the
interaction area. To illustrate this feature, the evolution of the longitudinal wave is monitored as
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Figure 12: Evolution of the longitudinal wave AL as a function of the position of the intersection area along
the y axis. The crack is localized on the center of the sample, at (0, 0). σ0 = −0.3 MPa and μ = 0.5.
−20 −10 0 10 200
5
10
15
20
25
30
A
L 
(m
m
/s
)
x position (mm)
Figure 13: Evolution of the longitudinal wave AL as a function of the position of the intersection area along
the x axis. The crack is localized on the center of the sample, at (0, 0). σ0 = −0.3 MPa and μ = 0.5. The
crack is 20 mm wide and marked by the dashed lines.
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a function of the crack length. The result is shown in Fig. 14. The amplitude grows for crack
length included in [7.5; 15] mm and then is almost constant. When the crack length increases,
the interaction area and the longitudinal wave amplitude also increase. After 15 mm, the crack is
longer than the width of the intersection area. In other words, the ends of the crack are outside the
intersection zone. The interaction area is constant and equal to the dimension of the intersection
area along the x axis.
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Figure 14: Evolution of the longitudinal wave AL as a function of the crack length. The intersection area is
centered on the crack. σ0 = −0.3 MPa and μ = 0.5.
Because the amplitude maxima are obtained when the intersection region is localized on the
crack, the method oﬀers a possibility for crack localization and imaging. For a given separation
distance between the sources (y position), the sources are moved along the x axis and AL is measured
each time. Repeating this procedure for diﬀerent positions along y provides a 2D scan of the sample.
The amplitude of the longitudinal wave is then plotted as a function of the intersection area position.
This results in the image given in Fig. 15. As expected, the maximum of amplitude gives the position
of the crack. Moreover, the horizontal extent of the image provides a good estimation of the crack
length which is identiﬁed by the dashed lines. However, the peak of amplitude is large in the y
direction. This is due to the relatively large size of the intersection area. A better resolution of
the image can be obtained with a smaller intersection area. In the next part, the sensitivity of the
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Figure 15: Image of crack obtained from the amplitude of the longitudinal wave as a function of the position
of the intersection area within the solid. σ0 = −0.3 MPa and μ = 0.5.
method regarding the angle of incidence is investigated.
4.3. Eﬀect of the angle of incidence
So far, there is no theory giving the optimal angle of incidence for the noncollinear mixing
method when applied to a contacting interface. In this part, the eﬀect of the angle of incidence on
the scattering of the longitudinal wave is investigated.
First, the case of an angle of incidence θI = 40
◦ is considered. The frequency of the incident
waves is still 1.5 MHz and the distance between the sources is modiﬁed to ensure that the waves
meet at the crack. The normal velocity signal recorded at the top face is shown in Fig. 16.(a).
The longitudinal wave is scattered by the crack and propagates along the ±y axis. The pulses are
observed sooner because the time of ﬂight between the sources and the crack is smaller for θI = 40
◦.
The amplitude of the wave is greater than that obtained before at θI = 59
◦. The frequency content
of the ﬁrst pulse is shown in Fig. 16.(b), showing that the main frequency component is equal to
the sum of the input frequencies. This result also suggests that a particular angle of incidence can
be deﬁned to optimize the method.
The amplitude of the longitudinal wave is computed for various angles of incidence and diﬀerent
pre-stresses σ0. The evolution of AL is shown in Fig. 17. The longitudinal wave is scattered for
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Figure 16: (a) Velocity against y axis at the top face. (b) Spectrum of the ﬁrst pulse. The angle of incidence
is θI = 40
◦, σ0 = −0.3 MPa and μ = 0.5.
the whole range of angles and its amplitude reaches a maximum for θI = 40
◦ whatever the value
of σ0. The amplitude is then greater than that obtained for θI = 59
◦. In this conﬁguration, the
angle θI = 40
◦ corresponds to the optimal parameter for the application of the method on a closed
crack. However, this value might be diﬀerent if the crack has a diﬀerent orientation.
Clapping eﬀect is directly dependent on the magnitude of the normal stress caused by the two
incident waves. The maximal amplitude of the longitudinal wave is obtained for an angle of 40◦
for each value of σ0, because it corresponds to the maximal normal stress value at the interface
generated by the incident shear waves. As showed in [44], the clapping eﬀect generated by a plane
shear wave is optimal for angle of incidence of 45◦ as the magnitude of the induced normal stress
is maximal. Here the incident shear waves are not plane and the beam spreading turns into a
decrease of the maximal amplitude as the propagation distance grows. In the present conﬁguration,
the angle of incidence is increased by moving the sources away, which increases the distance of
propagation and the beam spreading eﬀect. Thus, for an angle of 40◦, the normal stress at the
interface is optimal due to a compromise between a high incident stress and a small propagation
distance.
The non-collinear mixing method works for various angles of incidence when applied to a closed
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Figure 17: Evolution of the longitudinal wave amplitude for diﬀerent values of σ0 as a function of the angle
of incidence. The crack is horizontal. The coeﬃcient of friction is μ = 0.5.
crack, as long as the clapping is activated. For a given conﬁguration, it has been shown that
an optimal angle of incidence can be deﬁned to enhance the amplitude of the longitudinal wave,
which can improve the signal-to-noise-ratio. By working with a diﬀerent angle of incidence from
the one ensuring resonance condition in the case of classical nonlinearity, it becomes possible to
distinguish two kinds of nonlinearity. Indeed, for 40◦, the nonlinear interaction will be negligible
for classical nonlinearity such as a plasticity defect for example. The scattering of the longitudinal
wave should be mainly due to the activation of the CAN, in other words to the existence of a closed
crack. Finally, using optimal angles of incidence and short pulses, one can improve the imaging by
reducing the intersection area (higher spatial sensitivity) while maintaining a good amplitude.
5. Conclusion
Nonlinear acoustics is believed to be a powerful approach to detect closed cracks. However, to
be eﬃcient, nonlinear ultrasonic methods have to be sensitive to only one type of nonlinearity, such
as CAN in the case of a closed crack, and relatively independent of other nonlinear eﬀects. Because
of its properties of selectivity, the non-collinear mixing method is a good candidate for developing
such a method. In this work, the technique is applied to a closed crack in the conﬁguration where
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the nonlinear interaction between two shear waves generated with an oblique incidence leads to
the scattering of a longitudinal wave. A 2D Finite Element model is proposed to demonstrate
the potential of the method when applied to a closed crack. The crack is modeled by unilateral
contact law with Coulomb’s friction. In the case of closed cracks, when clapping is activated, two
longitudinal waves are generated due to reﬂection and transmission of incident shear waves at the
interface. The amplitude of the longitudinal wave depends on the normal stress applied on the crack
and reaches a maximum when the incident waves interact at the crack. This behavior enables us
to build an image of the defect, giving its position and size. The inﬂuence of the angle of incidence
of the shear waves is investigated, showing that the method can be optimized by a proper choice
of angle of incidence, governed by magnitude of the normal contact stress induced by the incident
shear waves. Moreover, this result oﬀers the possibility of separating nonlinearity due to contact
from classical nonlinearity. The FE model is an interesting tool to understand physical phenomena
and to evaluate the inﬂuence of diﬀerent parameters. In future works, plastic strain areas could be
added to the model to evaluate selectivity regarding the nonlinear sources.
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